a commutative complex Lie group 0 NS (X) : the Neron-Severi group of X, L e. the group of algebraic equivalence classes of divisors on X. Ox : the structure sheaf of X.
p(X);=rank z NS(X);
the Picard number of X. 1(Q X } : the Euler-Poincare characteristic.
The symbol « (resp. ~) indicates algebraic equivalence (resp. linear equivalence) of divisors. § lo Preliminaries
In this section, we shall prove Theorem A in the case where S has the structure of the Jacobian fibration (i. e. elliptic fibration with a section). The following theorem is fundamental. Theorem
(Miyaoka, Umezu [3]) Let S be a surface with £(S)^0 and fix a non-negative integer g. Then there exists a positive integer N=N(S, g) which is determined only by S and g such that C-K S <N for any curve C on S with the arithmetic genus g. Proposition 1.2. Let f : 5->A be a relatively minimal elliptic surface over a non-singular complete curve A with the zero section (o) and at least one singular fiber. Assume that tc(S)=l and fix a non-negative integer g. Then the number of algebraic families of curves on S with the arithmetic genus g is finite modulo
Aut(S). Proof of Proposition 1.2. Fix a non-negative integer g and take an arbitrary algebraic curve C on S with the arithmetic genus g. Since all sections are mapped to the zero section (o) by an automorphism of S and each irreducible component of a reducible singular fiber is a non-singular rational curve with self-intersection number -2, we may assume that C is a multi-section, that is, f\ c-C-»A is a finite covering of degree m>l. Now let r be the rank of the Mordell-Weil group G(K) and take r generators Si, ••• , s r of €(K) modulo the torsion group €(K) to^ £(K}t 0 \ is generated by at most two elements t lt £ 2 of order e lf e 2 with I^e 2 , e z \e 1 ; \€(K)t 0 i\ =0i0 2 . Let {^he& (resp. F} be the set of all singular fibers of / : S->A (resp. generic fiber of /) and for each JleA we denote by 9^t i (O^z^ra^-1) the irreducible component of FI, mi being the number of irreducible components. Proof of Claim 2. We can consider S as a one-dimensional abelian variety 6 over the function field K of A, given with a ^-rational point o. Then each section s t (l<i<r} defines a /C-rational point s t and let a t be a birational mapping of S induced from a translation of 6 by s* over K. Since S is relatively minimal, <j t is an analytic automorphism of S. We choose integers Ci and d x with a l =mc i +d l , Q<di<m and define an automorphism 0 of S by 0= Ol
Cr . Put C = 0(C}. Clearly C is also a ??x-section of S, where we have
(resp. C') cuts out on the generic fiber F divisors of degree m and the sum S(C) (resp. S(C')) of points in C (resp. C') under the group operation on the abelian group F gives a ^-rational point.
By our construction, we get S(C)=S(C').
With the aid of Abel's theorem on an elliptic curve, the divisor C | F is linearly equivalent to C'\ F on F. Hence the divisor C -C' is linearly equivalent to a divisor contained in fibers of / and C can be written in the form :
where 0^^i<w for all l^i^r. q. e. In this section, we shall prove Theorem A in the case where S has the structure of an elliptic surface with multiple fibers. First, we need the following lemma. q. e.d. Now, we are ready to prove our main Theorem A.
Proof of Theorem A. Clearly, we may assume that S is algebraic. Since jc(S)=l, S has the unique structure of an elliptic surface /: S-»C with multiple fibers miEi of multiplicity m,i at pt^C. (l^/^O-Then by Kodaira [2] By considering B as an one-dimensional abelian variety £ over the function field K of C, each section st (resp. fy) defines a ^-rational point s t (resp. f/). Since S is isomorphic to B^ outside the multiple fibers, s t (resp. ij) induces an automorphism of S\ c \\j Pi by locally translating B^ by s t (resp. 1 3 \ And from the definition of logarithmic transformations, we see easily that it can be extended to an automorphism g t (resp. hj) of S. We fix a multi-section D Q of /:S->C which enjoys the properties as in Lemma 2.1 and put
Clearly D z 's and T/s also enjoys the property in Lemma 2.1. Let {Fx}x^c (resp. F) be the set of all singular fibers of /: S-»C (resp. general fiber of /). For each non-multiple singular fiber FX (resp. multiple singular fiber mxEx\ choose an irreducible component 9x,o of FX (resp. EX) of multiplicity one arbitrarily and fix them. Then we havê = e^0+S23^.te^i,jM^i>0
(resp. E, = 0 LQ + S^.O,
X isi i^l
where we denote by d^.t (O^z^n^-1) the irreducible component of F* (resp. EI), nx being the number of the irreducible components of FX (resp. EX}. Put D^Sfl^i-^+ijfcKT^-To). Since S^Di-D^-F^d^ (resp. S((T,- (D-kDo) ) cuts out on the generic fiber F a divisor G' (resp. G) of degree 0 and the sum $(G') (resp. S(G)) of points in G' (resp. G) under the Next, we consider the case where f : S->C is a Seifert fiber space, that is, S is an elliptic surface with constant moduli which has at most multiple singular fibers. Let D be an arbitrary curve with the fixed arithmetic genus g. We may assume that /(/))= C. Then by completely the same method as above, we can show that by translating D by a suitable automorphism p of S, we may assume that:
, where m is the least common multiple of ?7z t 's and a and ^3 are integers. Hence we can easily show the boundedness of a and /3 by Miyaoka's Theorem 1.1. Thus we have finished the proof of Theorem A.
